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Abstract 

We are studying the harmonic and twistor equation on Lorentzian surfaces, that is a two dimen- 
sional orientable manifold with a metric of signature (1, 1). We will investigate the properties 
of the solutions of these equations and try to relate the conformal invariant dimension of the 
space of harmonic and twistor spinors to the natural conformal invariants given by the Lorentzian 
metric. We will introduce the notion of semi-conformally flat surfaces and establish a complete 
classiflcation of the possible dimensions for this family. 
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1 Introduction 

On every Spin manifold we can canonically construct two first order differential operators, the so- 
called Dirac and twistor operator. It is known that the dimension of their resp. kernels - the space of 
harmonic resp. twistor spinors - is a conformal invariant, that is invariant under multiplication of the 
metric used to define these operators with a smooth and strictly positive function. A natural question 
that arises is to know how these dimensions can be expressed in terms of conformal invariants given by 
the (pseudo-)Riemannian metric. This question is particularly interesting in the case of Riemannian 
and Lorentzian surfaces since they carry a natural conformal structure induced by the isothermal 
charts. 
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On Riemannian surfaces, harmonic spinors were studied in |Hi74j and |BaSc92j . The dimension 
of the space of harmonic spinors depends essentiaUy - unhke the dimension of the space of harmonic 
forms - on the conformal class of the metric and the Spin structure used to define the Dirac operator. 
Furthermore, the dimension is bounded. The purpose of this paper is to study the dimension of the 
space of harmonic resp. twistor spinors in the case of an indefinite, that is a Lorentzian metric, and 
to relate them to lightlike vector fields and lightlike geodesies. We will show that: 

• harmonic and twistor spinors can be described in the same way 

• harmonic and twistor spinors are linked to the global behaviour of the lightlike geodesies and 
the given Spin structure 

• nowhere vanishing harmonic resp. twistor spinors cause conformal flatness. 

Though the Lorentzian theory of surfaces looks similar to its Riemannian analogue, various new 
phenomena occur. For instance, we have uncountably many conformal classes of simply connected 
Lorentzian surfaces (see |We96| ^. On the other hand, the torus is the only compact surface allowed 
to carry a Lorentzian metric since the Euler number has to vanish. However, a Lorentzian torus - 
unlike its Riemannian counterpart - need not be conformally flat as we have no regularity properties 
for solutions of hyperbolic partial differential equations. Further difficulties are caused by the non- 
compactness of the isometry group and the indefiniteness of the scalar product on the spinor bundle. 
In order to by-pass these problems, different approaches are carried out: For Lorentzian tori provided 
with a left -invariant metric, we can explicitly compute the kernels by tools developped in jBaSlj . 
Non-conformally flat examples of Lorentzian tori are given in section 14.2.21 where we consider a 
particular class of metrics for which the resulting partial differential equations with respect to the 
trivial Spin structure can be explicitly solved. We will generalize these examples by the observation 
that harmonic and twistor half spinors might be interpreted as parallel spinors along one family of 
lightlike geodesies. We shall introduce semi- conformally flat Lorentzian surfaces which are a particular 
class of time-orientable, non-conformally flat Lorentzian surfaces (see 14. 35)1 for which a classification 
of the possible dimensions in dependence on the Spin structure and the global properties of the 
lightlike geodesies is achieved. These surfaces can by characterized by the existence of a divergence- 
free lightlike vector field (cf. I4.88|l . Furthermore, we will rederive some geometric properties of 
Lorentzian tori shown in |Sa97| . 

We now want to state our main result. The lightcones in the tangent space induce two one- 
dimensional lightlike distributions which according to section 2 may be labelled unambiguously by X 
and y provided the surface is orientable (which we always tacitly assume). Furthermore, a lightlike 
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vector field is a section either of tlie X- or of the 3^-distribution. It makes therefore sense to speak of 
an X- or 3^-flow if the corresponding vector fields lie in the X- or 3^-distribution, of X- or 3^-geodesics 
or X- or of J^-conformal flatness (depending on the divergence-free lightlike vector field to be X or y) 
etc.. By the classical Poincare-Bendixson theory for ordinary differential equations on a torus we know 
that such lightlike X- and 3^-integral curves or "lines" are either closed, asymptotic of a closed curve or 
dense. These global properties of the lightlike integral curve give raise to the notion of "resonant" and 
"non-resonant" cylinders and tori. On the other hand the existence of harmonic spinors imposes some 
extra conditions on the holonomy of the principal Spin-bundle: If there is a closed X- and 3^-line, then 
the lift of this line to the Spin bundle has to be closed as well. This is what we mean by "A""- resp. 
"^triviality" . Let S± = dim ker{D^ : r(S'±) ^ r(S'=F)) resp. r± = dim ker{P^ : r(S'±) ^ r(S'=F)) 
denote the dimensions of the spaces of positive/negative harmonic resp. twistor half-spinors. Then 
we assert the following to be true (cf. I4.48|l : 

Theorem. Let (M^'^^^g) be a compact X -conformally flat Lorentzian surface. Then 5+ = t_ and 
the only possible dimensions for 6^ are 0, 1 and +oo. These cases are characterized as follows: 

(i) (5+ < 1 */ and only if either 

• there exists a dense X-line in which case we have (5+ = for the non-trivial Spin structures, 
or 

• M^~^^ is non-resonant or 

• there exists no X -trivial resonant cylinder on Ad^'^^ . 

Furthermore, we have 5^ = 1 for the trivial Spin structure. 

(ii) (5+ = +00 if and only if there exists an X -trivial resonant cylinder on M^~^^ . In this case we 
have 5^ = +oo for every Spin structure. 

The same conclusion holds for y and d- instead of X and d+, and an analogous assertion can be 
stated for twistor spinors. 

The question to what extent this result carries over to general Lorentzian surfaces remains to be 
settled. 
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2 Lorentzian surfaces 

We will give a brief introduction to the theory of Lorentzian surfaces. For details see | We96j . 

A Lorentzian surface (Af^"''^,^) is given by a smooth and orientable two-dimensional manifold 
provided with an indefinite metric, that is TAf splits into the direct sum of a timelike bundle ^ 
and a spacelike bundle 77. Furthermore, the lightcone defined by g is built out of two locally integrable 
lightlike (or isotropic) distributions. We call these distributions X and y according to the following 
convention: A vector v £ rA/^+^ lies in X if and only if there exists a further lightlike vector w such 
that (u, w) is an oriented basis and v + w is spacelike. This convention is well-defined, and reversing 
the orientation interchanges X with y. Therefore, we can assign to any lightlike object the X- resp. 
y-type and speak of X- resp. 3^- vector fields, curves, geodesies, etc.. We remark that lightlike vector 
fields need not exist globally. In fact, their global existence is equivalent to the existence of a global 
orthonormal basis, so that the orthonormal frame bundle over Af^+^ is isomorphic to A/^+^ x SO+{l, 1) 
where 5*0+ (1, 1) denotes the identity component of the isometry group 0(1, 1). Equivalently, we may 
assume the existence of a non-vanishing timelike vector field. Lorentzian surfaces which admit such 
vector fields are said to be time- orientable, since they induce an orientation in a timelike subbundle. 
Simply connected Lorentzian surfaces are always time-orientable. For further reference, we introduce 
the following notation: If we fix an othonormal basis s — (si, S2), let Xg — si + S2 and Ys — — si -I- S2 
which are X resp. y. By a suitable change of the orthonormal basis, every X- resp. 3^-vector field 
can be written in this form. 

The local integrability of the lightlike distributions guarantees the existence of isotropic resp. 
isothermal coordinates {x,y), so we may locally write g — X^dxdy resp. g = X^{—dx^ + dy^) for a 
smooth X ^ 0. In particular, Lorentzian surfaces are locally conformally flat. Recall that two metrics 
gi and g2 on a manifold A/ are said to be conformally equivalent if and only if there is a smooth A > 
such that g2 = Xgi. In the case where 52 is fiat, we say that gi is conformally flat. An atlas consisting 
of isotropic or isothermal charts defines - as in the Riemannian case - a conformal structure on the 
surface. These correspond bijectively to conformal classes of Lorentzian metrics. It should be noted, 
however, that the corresponding transition functions have no regularity properties. The two isotropic 
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distributions X and y are conformal invariants of the Lorentzian surface In fact, they 

determine the conformal class [g\. The maximal integral curves of the X- and 3^- vector fields which 
we call X- and y-lines or null lines for short, are further conformal invariants. The X- and 3^-lines 
through X will be denoted by l^ and rrix- As we can locally straighten out the null lines by choosing 
isotropic null coordinates, only the global properties of the null lines encode conformal information. 
In the case of a simply connected surface, it can be shown that there are no closed null lines, that 
two different null lines intersect in at most one point and that every null line is properly embedded in 

Since the existence of a Lorentzian metric on a compact surface is equivalent to x(Af ) — where 
X denotes the Euler characteristic, every compact Lorentzian surface is diffeomorphic to a torus. 
According to the Poincare-Bendixson theory for ordinary differential equations on the torus, a null 
line on a compact Lorentzian surface is either dense, a closed curve homeomorphic to which cannot 
be contracted to a point, or an asymptotic of a closed null line of the same type. 

In |Sa97| . the explicit behaviour of the null lines and further properties are discussed for metrics 
of the form 

9(xi,x2) = E{xi)dxi + 2F{xi)dxidx2 — G{xi)dx2- 

Up to a finite covering, all Lorentzian tori with non-trivial isometry group are of that type. If G = 
resp. \G\ > 0, then g is fiat resp. conformally fiat. We consider the family of metrics Q' where 
G(0) — and G has only isolated zeros in po = 0, pi, . . . ,Pn-i G (0, 1), Pn+k = Pfc + 1 for all integer 
k. Then is incomplete in the three causal senses for all g € G' , and so is 

In particular, let us consider the two subfamilies 

(2.1) Gi = {<? e I G|(o,i) > 0} 

(2.2) G2 = {geG'l G'{pi) + 0, F(pOJ^(0) > 0, < j < n - 1}. 
We have the following proposition (see |Sa97| 'l: 

2.1 Proposition. Let g £Gi^ G2- 
(i) Let r]o = sgn F{0). Then 

Xi = Gd^, + (^F + TjoV EG + F^^d.,, 

are two linearly independent isotropic vector fields for g (the choice of 770 guaranteeing the 
existence of the limit in pi). 
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(a) The inextendible null geodesies of X2 are complete. Hence there exists incomplete Xi~geodesics 
since (T^~^^,g) is lightlike incomplete. 

As we remarked above, a Lorentzian torus need not be conformally flat. In fact, we have the 
foUowing characterization of conformal flatness (see [Sa97| ): 

2.2 Proposition. Let (M^+^,g) be a Lorentzian surface. 

(i) If there is a nowhere vanishing time- or spacelike conformal vector held, then (M^+^,(7) is 
conformally flat. The converse is true if in addition M is compact. 

(a) Every conformally fiat compact Lorentzian surface is complete. 

We recall that a vector field K is called conformal if Cxg = erg for a smooth function a (where C 
denotes the Lie derivative). 

3 Pseudo— Riemannian Spin geometry 

We will give a brief survey of the relevant Spin geometric features we use in the fourth section. We 
focus mainly on the signature (1, 1). A general reference is |Ba81j . 

Let (RP+'?, (•, •)p^g) be the standard pseudo-euclidean vector space of signature {p,q) where p is 
the dimension of a maximal timelike subspace. We shall always assume that the p first vectors of 
an orthonormal basis are timelike. For p + q = 2m we can identify the associated Clifford algebra 
CJiff(RP+«, (•, ■)p^q) with End{Ap^g) = C(2") obtaining thereby an action p of Clp^q on Ap^g ^ C^". 
This action will be denoted by •, that is p{x,v) = x ■ v. An explicit isomorphism in signature (1, 1) is 
given by extension of the mapping 



Next, we define the groups Spin{p,q) and Spin^{p, q). Let Sp^q ^ {x E Rp+' | (x,x)p^q = 1} and 

Hp^q^ixEW+t I {X,x)p,q=-l}. 

3.1 Definition. 

Spin{p, q) = {xi ■ . .. X21 I Xi G Hp^q U Sp^q} 
Spin^{p, q) = {xi ■ . . . X21 \ Xi E Hp^q U Sp^q with an even number of timelike factors} 



(3.3) 
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In order to deal simultaneously with the pairs SO{p,q)/Spin(ji,q) and SO +{p, q) / Spin+{p, q) we 
write G{p,q) and G{p,q), where G{p,q) ~ Spin{p,q) if G{p,q) = SO{p,q) and G{p,q) = Spin+{p,q) 
if G{p, q) = SO+(p, q). If we use (|3.3|) to represent Spin{l, 1), we get the following: 



3.2 Lemma. 

Spin{l, 1) = |g„ ^ ^ \ \ae M\{0} 

The volume element to — ei ■ 62 oi Cli^i defines - viewed as an endomorphism of Ai^i ~ a splitting 
of Al l into the direct sum of A'^-^ = Eigenspace of uj for —1 = (zi) and Aj^j^ — Eigenspace of uj for 
1 = (122) where (2:1,22) denotes the standard basis of (the sign convention follows |Ba81j and is 
motivated by the higher dimensional case). Reversing the orientation interchanges Af^ with A^^. 

Next, we consider Spin structures of (M?'+*, g), that is reductions {Q, f) of the G{p, q)-ira,me bundle 
P to a G{p, <7)-bundle Q. We have the following criterion for the existence of such reductions: 

3.3 Proposition. Let {MP'^'',g) be a connected pseudo-Riemannian manifold and TM = (Bt]'^ a 
splitting into a time- and spacelike bundle resp. of maximal rank. 

(i) {MP+i,g) is Spin if and only if W2{TM) = wl{ri) where w^ £ H\M,Z2) denotes the i-th 
Stiefel-Whitney-class. 

(ii) If{MP+'i, g) is time-oriented, then the mapping Spin{MP+i, g) 7ri(P, x), (Q, /) 1-^ /,7ri(Q, y) 
for y G f~^(x) is injective. In particular, two Spin structures which are isomorphic as a twofold 
covering of P are isomorphic as Spin structures. 

(Hi) If Spin{MP+i,g) ^ 0, then card{Spin{MP+'! , g)) = card{H^ {MP+i ,^2)). 
For a proof of (i) see |Ka68j . for (ii) and (iii) see |Ba81j . 

In particular, every time-orientable Lorcntzian surface admits a Spin structure. One is explicitly 
given by Qo — M^^^ x S'pm+(1,1) and fo{x,a) — (x, A(a)). This Spin structure will be refered to 
as the trivial one; it is unique up to isomorphism if M is simply connected. On the other hand, if 
M is time-orientable and compact, then {M^^^,g) carries four non-isomorphic Spin structures since 

i/l(Tl+l,Z2) =Z2®Z2. 

If g = K^g is conformally equivalent to g, we can canonically associate a Spin structure (Q, f) 
with every Spin structure {Q,f) on {MP'^'^ , g): If : Pg Pg is the isomorphism defined by 
s = (si, . . . , Sp+q) i-> = (ifii, . . . , ^Sp+q), thcu thc subgroup (^^ o f)^ni[Q,q) in7ri(Pg, $k(/(<7))) 
distinguishes bv 13.31 a Spin structure {Q,f) which can be shown to be isomorphic with {Q,f). 
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Now, we fix a Spin structure {Q, /) over The associated fiber bundle 

S = Q ^Q^^p^q) ^p,q 

r p + g 1 

is a complex vector bundle of rank 2\- 2 J which is called the spinor bundle associated with {Q,f ). 
The set of smooth sections of S is denoted by r(S'): its elements are called spinor fields or spinors for 
short. A spinor tp may be represented by a G{p, g)-equivariant function <^ G C°°{Q, Ap^q)'^^P-''^\ that 
is, tf{qg) — for all g G Q and g £ G{p,q). One may also think of a spinor as a collection of 

local sections s : U Q covering M together with a family of local trivializations (ps £ C°°{U, Ap.g) 
verifying ipsg — g^^ifg. Furthermore, we can consider the sections of — Q x^^-^ '-^fi, where 
the fiberwise splitting is induced by the volume element of ClifF{TxM^~^^ , g^), the Clifford algebra 
generated by (Tj;M^"*'^, (73;). The corresponding sections in r(S'^) are called /laZ/ spmors. To emphasize 
the sign, we also speak of positive or negative (half-)spinors. In the subsequent chapters, we will also 
use the following representation of half spinors: li (p E T{S^) is a positive resp. a negative spinor, 
we can write (p{g) = f^iq)u±i for £ {Q,C). Using the representation of Spin{l, 1) of 13. 21 the 
transformation law of /+ is given by f^{qga) = ^f^io) and ,f^{qga) = o,f {q)- The same holds if 
one considers the complex valued functions fa given by the local trivializations if a — fsu±. 

As for Riemannian Spin bundles the covariant derivative V'^ : T{S) T(T*AI (g) S) is induced by 
the lift to Q of the Levi-Civita-connection Z in P. Fixing a local orthonormal basis s — (si, S2), we 
get 

(3.4) V^(^ = [s, V{^s) - ^ff(V^^si, S2)ei • 62 • ^s]- 

We also verify the product rule 

V^{W ■ if) = {"^^^W) -ip + W ■ V^(p. 

The main difficulty in the pseudo-Riemannian setup is to define a suitable scalar product on S. 
This can be done as follows: Assume {M'^'^'^^g) to be time-orientable. Let TA/^+^ — ® ry^ be a 
splitting into a (now trivial) time- resp. spacelike vector bundle. Fix orientations in ^ and r/. P 
can be reduced to the structure group K = 50(1) x 5*0(1), which is maximal compact in 50+ (1, 1). 
The reduced bundle is given by P^ = {(si, S2) | si positively oriented in ^, S2 positively oriented in rj}. 
Then = f^^{P^) is the reduction of Q to i^T = (5pm+(l) x 5pi?i+(l))/Z2 which is maximal compact 
in 5pm+(l, 1). We have 5 = x^, Ai^i and TM = P^ Xk M^+^. Let (•, •)ai 1 denote the standard 
hermitian product on Ai^i which is iiT- invariant, but not 5pm+(l, l)-invariant. We can extend this 
scalar product to a fiberwise defined scalar product (•,-)4 on 5. Now let : 5 5, {[q,v]) — 
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[q, ei ■ v] for q E and the unit vector field ei G ^. We define 

<(p,ip >x^ {Ji(p, ^)^^ = (ei • V, w)ai.i , 

where ip{x) — [q,v] and ip{x) — [q,w]. This is an indefinite, S'pm+ ( 1, l)-invariant scalar product on 
S. Then the formulae 

V{< (p,ip>) =< v^^,v > + < V,V^V' > 

and 

< X ■ ip,ip >=< ip,X -tp > 

hold. 

Given {S,W^) over we can canonically define two first order differential operators, 

namely the Dirac operator D and the twistor operator P. In terms of a local orthonormal basis 
s = (si, S2), they are given by 

Dtp = -si • Vf^(^ + S2 • Vf^^ and Pip = -si (^Vf^(y3 + ^si • D(^^ + S2 (^"^tf + • I></'^ ■ 

In the fourth section, we will deal with the equations Dtp — and P^p — called the harmonic 
resp. the twistor equation, the latter being equivalent to \7frp = —jV ■ Dp for every V £ X{M^^-^). 
The solutions are refered to as harmonic resp. twistor spinors. The vector spaces of harmonic- resp. 
twistor spinors will be denoted by Sj and T. Furthermore, we will consider S)± = T{S^) n ^) and 
analogously T± = r(S'*) n 1. The superscript " denotes the space of harmonic and twistor spinors 
resp. their dimension with respect to the trivial Spin structure. We are mainly interested in the 
numbers = dim{S^(^±-)) and T(-(-) = (iim('X(±)), since they have the following well-known property 
(see and j^jF^j^Qlp : 

3.4 Proposition. Let g — Xg, and resp. T(±) the space of harmonic resp. twistor (half-) 

spinors with respect to g. Then the maps 

(i) ip e h{±) ^ e i3(±) 

(ii) ^ e T(±) ^ X-iipe T(±) 

are isomorphisms. In particular, (5(-j-) and T(^^j are conformal invariants. 
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4 Spinor field equations and lightlike geodesies in signature 

(1.1) 



4.1 Harmonic and twistor spinors 

4.1 Proposition. 

(i) Let (fi be in T {S~^) resp. T (S^ ). Then ip is harmonic if and only if 

= resp. Vy V3 = 

holds for all X -vector fields X resp. y -vector fields Y. 

(a) Let (f be in T (S^) resp. T [S^]. Then (p is twistor if and only if 

Vy(y9 = resp. Vf (/3 = 

holds for all y -vector fields Y resp. X -vector fields X. 
Proof. We prove the assertion only for positive spinors, the remaining cases being showed in the 
same way. 

Let ip e r(S'+) and let X and F be a X- resp. 3^-vector field which we write X = Xg — {si + S2) 
and Y = Ys = (— si + S2). 

(i) Using the local expression of D, wc sec that p is harmonic if and only if si • Vf^(^ — S2 ■ Vf^(/9 
which is equivalent to Vf^(/3 = uj ■ Vf^iyS = ^'^soV (with the volume element a; = si • S2). Hence ip is 
harmonic if and only if Vf^^^^V' ^ 0- 

(ii) Vf.(^ = —^Si ■ Dp for i = 1,2 is equivalent to Vf^</3 = -co ■ Vf^V' ^ind Vf^ = — • Vf^ip, hence 
to V^,^+,^^ = 0. ■ 

Since Vyp{x) = [qx,V* {p){qx)] for all Qx G 7rQ^{x) and V G X(M) (where V* denotes the 
horizontal lift of V to Q), proposition 14. II mav be restated as follows: 



4.2 Corollary 1. 



(^) ^+ 


= e C°° 




jG(l,l) 


1^ 


is 


constant along the horizontal lifts 


ofX- 


curves} 


(ii) Sj- 


= {(^ e C°° 




jG(l,l) 


1^ 


is 


constant along the horizontal lifts 


ofy- 


curves] 


(Hi) T+ 


= e C°° 




|G(14) 


1^ 


is 


constant along the horizontal lifts 


ofy- 


curves} 


(iv) X_ 


= {<peC°° 




jG(l,l) 


l-^ 


is 


constant along the horizontal lifts 


ofX- 


curves] 
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A further characterization is given by the formula Vy(-j-j(p — ■j^V^.f^g^f'p{a{t + s))\s=o for any 
smooth curve 7, where V^.ij^^^^ denotes the paraUel transport of Q along 7 between the fibers 
^Q\l(t + s)) and ^Q\-l{t)): 

4.3 Corollary 2. Let (ys G r {S^). Then ip is a positive harmonic spinor if and only if for any X- 
curve a joining two points x and y in AI^^^ , we have f(y) — ['P§..j.^yq,v] for (p{x) — [q,v]. Analogous 
statements hold for Sj^, 1+ and T-. 

As a first application, we note the following: 

4.4 Proposition. There is a bijective correspondence between the sets {ip G Sj+ \ (p{x) ^ for all x} 
and {i^ e T_ I ^/j{x) ^ for aU x}. 

Proof. If 93 e r(S'+) is given by f^ui for /+ G C°°(Q,C), we can define a twistor spinor € 

T{S-) by = jr"-!' since ^f+{qga) = J+l^ " "^■'/+('?) " .9a so jr"-! 

defines indeed a (5(1, 1) -invariant function. Because of ^*(j7) ^ 0, ip = [q, ^ u-i] defines a 
negative twistor spinor. ■ 



4.5 Proposition. Let f e Sj+. If f (x) = 0, then (^|/^ = 0. In particular, we have (5+ < 1 for any 
Spin structure if there exists a dense null line on (Af^+^, 5). Analogous statements hold for io_,T+ 
and T_ . 

Proof. The first assertion is a consequence of the above corollaries. Assume that there is a x G Af 
with Ix is dense in M^~^^. Let ipi,(p2 G -^)+ with ipi ^ 0. Pick c G C such that ^2ix) = cipi{x). Hence 
{ip2 — cipi)\i^ = 0, that is ip2 = cLpi for continuity reasons. B 



4.2 Examples 

We now apply the preceding results to compute some explicit examples. For the sake of simplicity, 
we will only deal with positive harmonic spinors, but all examples extend to the remaining cases in 
an obvious way. 

4.2.1 Simply connected surfaces 

As observed in section |2 two different null lines intersect at most once and closed null lines cannot 
exist. Furthermore, the frame bundle P is trivial since (Af^+^, 17) is time-orientable, and the resulting 
trivial Spin structure is unique up to isomorphism. 
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4.6 Proposition. If M^+^ is simply connected, then (5+ = +00. 

Proof. Let /3 : [0, 1] M^+^ be a >curve with lift /3 to Q, and let /„ : [0, 1] ^ C be a 
family of linearly independent smooth functions whose support is strictly contained in [0, 1]. Define 
a ^^^^^(l, l)-equivariant function <^„ : Q ^ ^i^i by extending (p„(/3(i)) = fn{t)ui first to Q^p by 
the transitive action of S'pm+(1,1) on the fibers, and secondly to Af^+^ by parallel transport on 
^ = Ux6/3 ^iid <^„ = on A". ■ 

This construction depends crucially on the fact that for simply connected surfaces, the local and 
the global behaviour of the null lines are the same. Therefore we can extend local solutions to global 
ones. This observation is the key for the construction of harmonic and twistor spinors in 14.31 We will 
link the global behaviour of the null lines to the spinors; by studying the null lines in the large, we 
will be able to extend local solutions or to find obstructions for doing so. 

4.2.2 Diagonal metrics on Lorentzian tori 

We consider Lorentzian tori {T^^^,g\) whose metric is given by a diagonal metric 

for Ai,A2 7^ in C'^{'^^f\ 
Left-invariant metrics 

First we consider the case where Ai,A2 are constant. Thus {T^'^^^gx) may be seen as a Lie group 
provided with a left-invariant metric. Since 7ri(r^+^) has no two-torsions, we may treat the harmonic 
and the twistor equation for all four Spin structures simultaneously by tools developed in |Ba81j which 
we will briefiy sketch: 

The problem is to compare two non-isomorphic Spin structures (Qi,/i) and {Q2, f2) and to find 
conditions for r(S'i) and r(S'2) to be isomorphic. Let {AIP^'^,g) be a pseudo-Riemannian Spin man- 
ifold of signature {p,q)- Let R' = {((71,(72) ^ Qi ^ Q2 \ fi{qi) — /2(92)}- ^2 acts naturally on each 
fiber of Qi, hence on R' . The pair where R = R'/Z2 and fi : R ^ P, [(71,92] fiili), is 

called the deformation of (Qi,/i) and (Q2,/2)- If and {Q2, f2) are isomorphic, then R is 

isniorphic to P x Z2. G{p,q) x Z2 acts on R by [(71, (72]. (A, m) — [(71a, (72am], where a £ X^^{A). 
This action is well defined, therefore providing R with the structure of a G{p,q) x Z2-fiber bundle. 
Next we define the vector bundle E ~ R/G{p,q) x^^ K over M. Its complexification is given by 
-E"' = R/G{p, q) Xz^ C Let Si : U ^ Qihe two local sections and let [s] ~ [(si, S2)] : U ^ R where [ ] 
denotes the equivalence classes in R. Let e G £'*'. Then e can be represented in the form e — [{s}, z] 
({ } denoting the equivalence classes in R/G{p,q)). 
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4.7 Proposition. The map /? : Si (g) 
bundle isomorphism. 



S2 defined by (3 ([si, u]x ® [{«}, z\x) = [§2, zv]x is a vector 



Hence, in the case where Ef' is trivial, the spinor bundles Si and ^2 are isomorphic. For instance, 
this happens if {Qi, /i) and {Q2, /2) are isomorphic, for Ef' is then isomorphic to M^'+^ x 7?. Thus 
equivalent Spin structures induce isomorphic spinor bundles. Furthermore, we yield the following 

4.8 Corollary. On a surface M each two spinor bundles are isomorphic. 

Proof. For the first Chern class of the complexification E'^ of the real line bundle E holds 2ci{E'^) = 
0. Since H'^{M,Z) = or Z depending on wether or not M is compact, £'"' must be trivial. ■ 

Next wc want to know how the spinor derivative transforms under this isomorphism: 

Let be the connection induced by the lift to R of the Levi Civita connection of P. Then one 

shows that V^'" is fiat, hence for 77 = [{s}, z] e r(£;^) with z : U ^ C, we have ri = [{5}, "^^('7)]- 

Therefore, the following diagramm commutes for every V G X(Mp+''): 



T{Si ® E^) 



r(5i ® E^) 



r(52) 
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7S2 



r{S2 



where V^^ (8)^ec l{(f (g) rj) = VyV«) rj + Lp (g) V^'r]. 

If wc assume E'^ to be trivial, then we can choose a nowhere vanishing section e : NP^'* E'". 
We define the complex- valued form cjg by the equation Vy e = iL>e{V)e and ae ■ r(<S'i) ^ r(S'i (g) i?*^) 
by ae{(p){x) — 'fix ^ Sx- Then the following diagramm commutes: 



r(^i)- 



Vf +a;e(F) 



ae 



r(5i ® E^) 



■r{Si®E^) 







T{S2) 



r(52 



Let us now consider the special case of a connected Lie group G provided with a left-invariant 
metric g. Let p : G — > G be the universal cover of G. tti (G) acts as a group of deck transformations. 
Since g is left-invariant, we can trivialize P by choosing n left-invariant vector fields on G, i.e. 
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P = G X SO+{p,q). Therefore, Qq — G x Spin+(p,q) with fo — id x X defines the trivial Spin 
structure on G. The hfts Xi of the vector fields Xi to G are globally left- and 7ri(G')-invariant 
vector fields on G, hence P = G x SO+{p,q) and Qq ~ G x Spin+{p,q), fo = idx A. We know 
that Spin{G, g) = ifom(7ri(G'), Z2). Let x G i?om(7ri(G'), Z2). 7ri{G,g) acts on G x Spin^{p, q) 
through X by w.(.g, a) = {uj.g, x{uj)a), where u e 7ri(G, e). Let = G Xi^^(^c,e),x] Spin+{p,q) and 
fx ■ Qx ~* [S' ^-l '"^ [^(9)1 -^('^)]- Then (Q^, Z^) defines a Spin structure and the following propostion 
holds (cf. |Ea8T| 1: 

4.9 Proposition. 

(i) Spin{G,g) - {(Qx Jx) I X e i?om(^i(G), Z2)} 

(iij The spinor bundle = x spin+{p,q) ^p,q associated with the Spin structure {Qx, fx) given 
by S^^G x^ Ap^q. 

(Hi) The deformation of {Qo, fa) and {Qx, fx) given by = {g /ker{x)^ x SO+{p,q). Further- 
more, = (G/ker{x)) Xz, C. 

Assume that we have a nowhere vanishing section G V{E'^). Such a section is given by a map 
: G — > C without zeros such that e(aj.g) = x.{^)^{9)- If for X = 1 vfe have ei = 1, we can identify 
Si with the trivial Spin structure and r(S'i) with G°°{G, Ap.g). Let (g, Id) be a global section of P = 
G X SO+{p, q) and let [g, 1] : [/ ^ be a local lift of this section. Then -/{x) = [{g{x)}, 1] G r(i;j^) 
corresponds to this section and e^{x) = [{g{x)} , e^{g{x))] ~ e^{g{x))"f{x). Since V'^ 7 = 0, we get 

hence Wx(^) = «x^^* ('^x) - where denotes the lift of F G X(G) to Q^. 

Identifying r{S^) with r(S'i) = G°°(G,Ap,g) yields = V^^ip + e-^V*{ex)ip for G 

C°°(G,Ap,,). 

For instance, consider the Lorentzian torus {T^^^ , g\). The universal cover is given by p : — > 

T^+\ p{xi,X2) = (e^'^^^Se^"^^). Then7ri(r) = Z ® Z acts on by {zi, Z2).{xi,X2) = (a;i + zi,a;2 + 
Z2). On the other hand, i/oTO(7ri(T), Z2) can be identified with Z2 Z2 = {(ai,a2) | G {±1}} by 
Xi = x(l © 0) = e'ri.^-'^i) and X2 = x(0® 1) = e"? (i""^)^ -y^e define 

ea{xi,X2) = e'5'(^i(l-'^i)+=^=^(l-'^^)). 

Then 6(14) = f and ((zi, Z2).(a;i, a;2)) = xrX2'<^x(^i' 2^2) = xC^i, ^2)ex(2^i' ^2)- Now Wx(-'^s)(2;) = 
e~'^{{si + S2)*){ex){S:), hence 

/, ^/ N in / I — a-\ 1 — floN 

-x(^.)(.) = y(^ + ^j. 
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Consequently, for a spinor fui G r(5j^^^ ^^^) ^ C°°(T^+^, Cui) to be harmonic, we yield the following 
equation: 

Let the developement of / into a Fourier series be given by f{xi, X2) = X]fc zgz //i,;e^^*'-'^^i+'^^-' . Then 
we get the equation 

Thus / e C°°(T^+^,C) defines a harmonic spinor if and only if 

fki = or 4fc - ai + 1 = -^(4^ - 02 + 1). 

A2 

Since constants are solutions for the trivial Spin structure and 4fc — ai + 1 and 4Z — 02 + 1 are in Z, 
we finally find: 

V,,,) ^+for f^gQ ^^Q 
(+!,+!) +00 1 

(+1,-1) +00 

(-1,+1) +00 

(-1,-1) +00 

Closed metrics 

Next, let Ai S C°°(M?Y" be two periodic functions satisfying the additional condition: 

dx2^l + l9a;iA2 = 0, 

that is the form A = Xidxi — \2dx2 is closed. Therefore we refer to this type of metrics as closed. Fix 
the orthonormal frame s = {^d^i, -^9x2)- Then div{Xs) = - a fact we will reconsider later. In 
terms of Fourier coefficients, the closedness condition may be restated as 

(4.5) ai,, =fcA2,,, 

where Aj^, denotes the kl-th Fourier coefficient of A^. In particular, we have Ai^, = A2^,q = for I and k 
different from 0. These formulae will prove useful for the subsequent computations. We fix the trivial 
Spin structure and trivialize with respect to the basis s. Using H3.4|) . we may rephrase the equation 
V^^/ui = as 

->^2dxif = Mdx2f+ ^{dx^M + dx^M), 
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so using our additional assumption gives 



(4.6) -X2d,J = XAJ. 

We remark that the constant spinor ui defines a solution that projects onto the torus. Furthermore, 
if there exists a dense null line, we already know bv 14.51 that there cannot exist any further linearly 
independent solutions. 

In order to find non-trivial solutions we define the function 

fa{xi,X2) = exp [inai J {Xi{s,X2) + Xi{s,0))ds - J {X2{xi,t) + X2{0, t))dt) 

for ^ a E R. Then fa defines a solution for (|4.6|l on R^. In order to be inducible on the torus T, 
we must impose the double-periodicity of fa, that is fai^i + n,X2 + m) = fa{xi, X2) for n, m G Z. If 
li = //pi+i Ai(ir^+^ denotes the 0-th Fourier coefficient of Ai, we get the following criterion: 

4.10 Lemma, fa e C°^(]R^ C)^' if and only Hal, el. fori = 1, 2. 
Proof. We have fa {xi + n,X2 + m) = /„ {xi, X2) if and only if 

a I n y" {Xi{s,X2) + Xi{s,Q)) ds - ra j {X2{xi,t) + X2{0,t)) dt \ e 2Z. 
V / 

Now, Xi{s,X2)ds = h and f ^ X2{xi, t)ds = h (use H4.5|l ). so fa e C"^(M^,C)^^ if and only if 
a{nli — 771/2) G Z for every 77 and 777 in Z. ■ 

In particular, if = ^ G Q (where p and q have no common divisor), then /_a_ defines a solution. 
Since the set {famUi | 777 G Z} is linearly independent in Sj'^, we have = +00. 

4.11 Example. 

Let c > be a rational number and / : M ^ M be a smooth function without zeros with period 1 such 
that -f{2x) ^ c for every a; e R and f{2p,) = -f for po 0,pi, . . . ,p„ 1 e [0, 1], but f'{2p,) ^ 0. 
For instance, we could choose c ~ 2 and f{x) = jljCos(27r(x + |)) — 1. Then the diagonal metric 
defined by Ai(xi,a;2) ~ —f{xi — X2) and A2 —f{xi — X2) — c is closed. Furthermore, |^ = G Q, 
hence J" — -foo. If we express gx in the new coordinates {x,y) given hy x = ^^"^'^ and y — ^^^^^ , 
we get g\{x,y) = [2cf[2x) + c^)dx'^~A{f'^{2x) + 2f{2x) + 2)dxdy + {2cf{2x)+c^)dy'^. Because of our 
assumptions G Q2 ('see 12.1(1 . so g\ provides an example of a non-conformally flat diagonal metric 
since it is not complete. 
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4.12 Lemma. There are no dense X-nuU lines if and only if |^ e Q. 

Proof. As the global properties of the null lines such as denseness are independent of the parametriza- 

tion, we can consider the flow of any A'-vector field. For instance, we may choose X — X2dxi + Ai9a;2, 

where we assume that Ai, A2 > 0. Let the flow of X be given by (a;i(i),a;2(t)). We establish the 

assertion by computing the rotation number of this flow (see jHa69| for details). A2 > implies 

Xidxi ~ \2dx2 — 0. Since the form A = \\dx\ — \2dx2 is closed, we yield an exact ordinary differential 

equation on M^. Hence we have to find a F : K.^ ^ M such that dx^F — Ai and dx^F = — A2. The 

initial condition 2:2(0) is determined by F(0, a;2(0)) — c for a constant c. 

Integration of dxiF = Xi yields F{xi, X2) — J Xi{s, X2)ds + f{x2), where f'{x2) = —X2{xi, X2) — 



{d2Xi){s,X2)ds = -\2{xi,X2) + {di\2){s,X2)ds = -A2(0,a;2). A possible F is given by 

Xi X2 

F{xi,X2) = / Xi{s, X2)ds — / X2{0, s)ds. We choose c — and use the Fourier series of Ai and 


A2 to get the following equation: 

^2-Kikx-i 1 J2iTilx2 1 

+ E Au. ■ «^-«" - h.. - E A... - 0, 

k^O k 

Evaluating in xi = n e Z yields lin — l2X2{n) — X) ^2ki 21^0^^ ~ l^G^ce 



X2{n) _ h 1 Iv-x e^"'^^ - 1 _ 
n ~ I2 n' ^"^ 2TTil 



Since the Fourier series of smooth functions are absolutely convergent, we have p = lim„_ 

L 

h 



X2{n) _ 



yi, whence the assertion. 



We finally get: 

4.13 Proposition. Let g be conformally equivalent to a closed diagonal metric. Then the following 
holds: 1 and +00 are the only possible values for S'^ . Furthermore, these dimensions are characterized 
as follows: 

(i) 50 = 1 iff 1^ ^ Q iff all X-null lines are dense. 

(ii) Si = +ooiff!j^eQ iff all X-null lines are closed or asymptotic of a closed X-null line. 



4.3 /i-surfaces 

By 14.21 a half spinor which is harmonic or twistor may be seen as an object that is constant along 
the lifts of the corresponding null lines. Unfortunately, we have no a priori control over the parallel 
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transport in Q, and due to the non-compacteness of G(l, 1), the hfts of the nuU hnes may even be 
unbounded fsee I4.1'/|) . Therefore, we focus on cases where a direct link between the null lines on 
(M^~^^,g) and the harmonic and twistor spinors can be established, without lifting the null lines to 
Q. 

As we did earlier, we restrict our investigation to the case of positive harmonic spinors. One can 
prove analogous results by interchanging suitably / and X/y, as pointed out above. 

4.14 Definition. Let (f e r(5'+) be a positive harmonic spinor. A smooth function fi^ : M^+^ — > C 
verifying 

(i) fi,p{x) — if and only if (p{x) — and 

(a) fi^ is constant along X-curves 

is said to be a mass functional for ip. A /i-surface is a Lorentzian surface admitting a mass functional 
for every ip g r(5+). 

We shall give examples of /^-surfaces in the following section f see 14 . Hfil and 14 . 3 fl in conjunction with 
14.47(1 . The reason for looking for such mass functionals is the following property: 

4.15 Lemma. Let (M^+^g) be a fj,— surface. Let ip be a positive harmonic spinor and x e M such 
that p{x) = 0. If {xn) C / for a fixed X-line I converges to x, then ip^ = 0. 

The general idea to produce obstructions to the inequality 5+ > 2 is to assure that a single zero of 
a harmonic spinor is propagated along all null lines, therefore forcing the spinor to be zero everywhere. 
We note the following " heritage principle" : 

4.16 Corollary. Let (M^+^, g) be a ^-surface. Let (p be a positive harmonic spinor, and loo a 
closed X-line. If (p\i^ = 0, then Lp\i = for every asymptotic I of I^q. 

Although all Spin structures on a /i-surface can be treated simultaneously as we shall see, the 
following proposition illustrates how the non-trivial Spin structures differ from the trivial one in 
terms of the parallel transport: 

4.17 Proposition. Let (M^+^,g) be a ^-surface with a dense X-line I. Then there exists a local 
section s : U Q and a convergent sequence (a;„) d U H I with a;„ — > x e [/ such that the following 
property holds: If (an) C M is dehned by 'P^^^_^_^^^s{xo) ~ s(x„)ga„; then for a subsequence (a„,) we 
have a„, ±oo or a„, 0, that is {ffa„} is unbounded in G{1, 1). 
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, a„ , 

(Recall that according to \3.'A ga — \ \ ■) 

^ 

Proof. Assume the opposite. Then consider the horizontal Hft 1* of I to Q. Extend I* to a 
(continuous) section si : — > Q by s;(a;) — Um„ l*(xn) f^or x„ G Z ^ x. This Umit exists indeed, 
since l*[xn) — T^ixo-tx ^*(^o) is bounded in Q by assumption. Hence Q would be isomorphic to the 
trivial Spin structure. I 

4.18 Corollary. If there exists a dense X-line on a ^-surface {M^'^^^g), then ^+ = for every 
non-trivial Spin structure. 

Proof. Using the notation of the preceding proposition, we have 

<p{Xn) = ['Ptxo^xjM, fs{xo)ui] = [s{Xn),ga„fs{xo)ui] = [s(x„ ) , (xq )a„Ui] (p{x). 

Hence, if a„ ±oo, then fs{xo) — 0. If a„ — > 0, then ^}(x) — 0. In both cases, the spinor ip has a 
zero, implying 93 = bv 14.151 ■ 

From now on, we will mostly consider compact /x-surfaces, though the techniques and results can 
be applied to Lorentzian cylinders as well. Due to the "denseness obstruction" 14.51 we can restrict our 
attention to the case where no dense null lines occur. First, we introduce the subsequent notation: 

Let X e Af^+^ and l\ and I2 be two closed A'-lines which do not contain x. Since M^+^ is homeo- 
morphic to a torus, the connected components of M^^^\(l\ U ^2) are open in and homeomorphic 

to a cylinder without boundary. Let Ci^i^ix) denote the cylinder which contains x. Its closure is given 



by Ci^i^{x) = Ci^i^ix) U Zi U I2. In the case where l\ = Z2 as a set, we have Ci^i^^ix) — M^^^ so the 
whole torus itself may be considered as a closed cylinder. Now let be x such that Ix is an asymptotic 
of the two closed null lines l\ and l^. Then the cylinder Ci^i^(x) will be written Ai^i.^(x). For further 
reference, such a cylinder will be called asymptotic. Closed null lines are not allowed to be homotopic 
to a single point, hence there are no more closed null lines in any asymptotic cylinder. Since every 
asymptotic tends to l\ or Z2, we get the 

4.19 Lemma. Let ip be a positive harmonic spinor on a compact ^-surface. Then its mass functional 
fx^ is constant on every closed asymptotic cylinder. 

Thus, if the spinor has a zero in an asymptotic cylinder, it must be zero on the whole cylinder. In 
order to treat the case where the union of closed null lines is dense in we introduce a further 

type of cylinders which does not contain "ribbons" of closed null lines: 
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4.20 Definition. A cylinder Ci^i^ is called non-resonant if for erniy two arbitrary closed null lines 
h, I2 in the closure of Ci-^i^ there is an asymptotic I in Cjj^ . 

4.21 Lemma. Let ip he a positive harmonic spinor, and C — Ci^i^ he a non-resonant cylinder. Then 
fi^ is constant on C . 

Proof. Consider the set A := {x £ C \ Ix '^s an asymptotic}. A is open and dense in C. As the total 
differential of vanishes on ^ as a consequence of l4.19l the denseness of A implies the result. ■ 

4.22 Corollary. Let {M^^^^g) he a non-resonant ^-cylinder and let (pi,(p2 be two positive har- 
monic spinors. If there exists a x £ M^+^ such that (pi{x) = ^p2(x), then ipi = if 2- In particular, 
every positive harmonic spinor with a zero is identically zero, and < 1. 

4.23 Definition. Let {M^^^,g) be a Lorentzian surface and I a closed X-line. The Spin bundle Q 
is called A'-trivial along I, if the relation Vf^^^^q = q holds for every x G I and q £ {Q\i)x- 

4.24 Lemma. Let ip he a positive harmonic spinor that has no zero along a closed X-line I. Then Q 
must be X -trivial along I. 

Proof. Bv 14.31 we know that 1^9(2;) — [q,v] = [P^x—txl^^^- Hence, if "P^^^^q = qg for a uniquely 
determined g £ Spin{l, 1), we have g~^v = v. It follows g = id bv 13.21 ■ 

So far, we have obtained obstructions to the inequality (5+ > 2. In the case where this inequality 
holds, a third type of cylinder becomes interesting: 

4.25 Definition. A closed cylinder Ri^^i^ — Ci-^i^ which does not consist of a single X-line is said to 
be resonant if Ix is closed for every x £ Ri^i2 ■ 

4.26 Proposition. Let (M^+\g) be a compact ^-surface. 

(i) A non-trivial positive harmonic spinor cannot be zero on every resonant cylinder. 

(a) If 5+ > 2, then there exists a X -trivial resonant cylinder R on Af^+^, that is Q is X-trivial 
along every closed X-line in R. 
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Proof. (ii) is a consequence of (i). To prove the first assertion, let us assume the opposite. It suffices 
to show that /i^ is locally constant. 

Let X e M-^^^. If Ix is an asymptotic, then A^i^lAzji^ (x) is constant by 14. 191 Otherwise, is closed. 
If for every neighbourhood U oi x there exists x' & U such that is an asymptotic, then x is in the 
closure of a non-resonant cylinder C. If x e int{C), then ^.^ is constant on a neighbourhood of x by 
14.211 If not, then x £ dC n dR, where i? is a resonant cylinder. Thus fi^p = on sl neighbourhood of 
X, since h^^q = const and fi^^^^ = Q hy assumption. ■ 

On the other hand, whenever there exists an A'-trivial resonant cylinder on Af^+^, then we can 
produce harmonic spinors as in 14.61 since the (Y-triviality guarantees that the spinors constructed in 
this way are well defined. Hence we arrive at the following proposition, generalizing the left-invariant 
case: 

4.27 Theorem. Let {M^'^^,g) he a compact ii-surface. Then the only possible dimensions are 
6+ ~ 0,1 and +oo. These cases are characterized as follows: 

(i) 6+ < 1 if and only if either 

• tiere exists a dense X-line in which case we have 6+ = for the non-trivial Spin structures 
or 

• M^~^^ is non-resonant or 

• there exists no X -trivial resonant cylinder on M^+^. 

(ii) (5+ — +00 if and only if there exists a resonant X-trivial cylinder on M^^^ . In this case, we 
have (5+ = +oo for every Spin structure. 

As we have already seen for the left-invariant case, the dimensions (5+ = and 1 can occur and 
depend on the given Spin structure. 

4.4 Spinors and conformal flatness 

We will now study the relationship between the existence of harmonic and twistor spinors and con- 
formal flatness. In particular, we will consider the geometric implications of A'-triviality. 

As we saw in 12.21 conformal flatness is related to the existence of nowhere vanishing time- resp. 
spacelikc conformal vector fields. With every spinor ip e r(S') we can canonically associate a vector 
field that is conformal in the case of a twistor spinor: 
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4.28 Definition. Let g) be an orientable and time-orientable pseudo-Riemannian Spin man- 
ifold, and let ip G r(5). We define the associated vector field by the equation 

for W G X(MP+«). 

A direct computation yields the following proposition (see, for instance, |Ba99p : 

4.29 Proposition. Let <y9 e r (S*) be a twistor spinoi: Then is a conformal vector field. More 
precisely, we have Cy^g = ^Re {i^^-^ {D^p, tp)) g. 

Next, we determine the associated vector field of a spinor in signature (1, 1): 

4.30 Lemma. Let (M^+^,c/) be time-orientable and tp G r(5). Let s = (si,S2) : U ^ P be an 
orthonormal frame with a lift s to (cf. section\^. Let -05 — + ^ be 
the local trivialization of ip with respect to s. Then — | V'^ |^ — T In particular, is a 
causal vector feld which is timelike if the local components ipf and have no zeros, and lightlike in 
case of a half-spinor without zeros. 

Proof. Let wi and W2 be the local components oi W E X (M) with respect to s, that is W — 
wisi + W2S2 = [s,wiei +111262]. A direct computation yields < W ■ ip,ip >— + \'4'f\^)wi + 

'2. ^2, z' 2 2\ f 2 2\ 

-[V'FI )w2- If = KA1S1+K/.2S2, we get V^;! = (1-05^1 j and K/.2 = ( l^^l -j^jl ]• 

Furthermore, since A = 5(^s, ^s) > and g (1/^, V,f,) — — 2A {ipfl^ l^s^ T' vector field is causal. 
■ 

4.31 Remark. Let A" be a A" -vector field and ip a positive harmonic spinor. Then X ■ ip ^ Q. In 
particular we get V,^ ■ tp = 0. 

4.32 Corollary. Let (M^+^,g) and e r(5^) be two twistor spinors without zeros. Then 
{M^^^,g) is conformally flat. In particular if M is compact, then is complete. 

4.33 Remark. According to 14.41 the same result holds for harmonic instead of twistor spinors. 

As we have already seen for A'-triviality, harmonic resp. twistor spinors without zeros induce 
certain "flatness" properties. Therefore, we will look more closely to Lorentzian surfaces that admit 
nowhere vanishing solutions to the harmonic resp. twistor equation. 

First, we recall the following statement: 
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4.34 Proposition. Let ip e T{S) be a harmonic spinor on {MP+'^,g). Then div{V^) = 0. 

4.35 Definition. A time-orientable Lorentzian surface (M^+^,g) is said to be X~ resp. y- 
conformally flat if there exists a global orthonormal frame s = (si,S2) such that div{Xs) — resp. 
div{Ys) = 0. We call a Lorentzian surface (M^+^, g) semi-conformally flat (s.c.f.) if (M^+^, is either 
X- or y -conformally fiat. 

The notion of semi-conformal flatness will be justified in 14.421 

As we did for spinors, we will concentrate on A'-conformally flat surfaces; analogous statements 
hold for 3^-conformally flat ones. 

Since every A" -vector field can be written as Xs with respect to a suitably chosen basis, a time- 
orientable Lorentzian surface is A'-conformally flat if and only if there exists a A" -vector field X such 
that div{X) — 0. Furthermore, it follows that the notion of semi-conformal flatness is invariant under 
conformal change of the metric: If there exists a A'-vector field X on (M^^^,g) with div{X) — 0, then 
we can find another A'-vector field X E X{M) with div{X) = (where div denotes the divergence 
operator associated with the conformally changed metric g — Xg) as can be seen from the formula 
div{V) = V{ln{X)) +div{V). 

4.36 Examples. 

(i) As we remarked in section ll.2.21 closed diagonal metrics admit lightlike divergence-free vector fields 
and are therefore s.c.f.. 

(ii) We are going to exhibit further examples by a direct computation of the divergence: Let us consider 
a Lorentzian torus with standard coordinates (xi, X2) and volume form uj. Let V — kdx^ + ldx^. Using 
the formula d{ixi^) = div{X)uj, we get div{V) — dik + 82! + ^V^(ln | det(g)|). In particular, if 
det{g) = 1, then div{V) — dik + 821. As semi-conformal fiatness is a conformal invariant, we may 
always assume - by rescaling the metric with the factor —-j^^j^ - this assumption to be fulfilled. For 
instance, if we consider the family of metrics given by H2.1|l and H2.2|l . we get: 

4.37 Corollary. Every metric in Qi U G2 defines a s.c.f surface. 

4.38 Proposition. Let {M^^^,g) be a time-orientable Lorentzian surface. Then the following as- 
sertions are equivalent: 

(i) (Mi+\g) is X -conformally Rat 
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(a) There exists a global section M^+^ P such that div{Xs) = 
(Hi) There exists a X-vector field X such that div{X) = 

(iv) V^^s, = for i = 1,2 

(v) There exists a positive harmonic spinor without zeros 

(vi) There exists a negative twistor spinor without zeros 

Proof. Only the implications (ii) =^ (iv), (iv) (ii), (v) => (iii) and (ii) =^ (v) need proof, 
(ii) <^ (v): By a direct application of the Koszul formula, we prove the 

4.39 Lemma. 

[Xs,Ys]) = dtv{X,) = 5(Vif si, 52) - -5(Vi^S2, si) 

Then p.4|l imphes: 

4.40 Corollary. Locally, we have the identity [s, '/'s] ~ [s,Xs{(ps) — ^div{Xs)ei ■ 62 • (fis]- In 
particular, if {A'I^^^,g) is X -con formally Bat, we get [s,(ps] — [s, Xs{(ps)]- 

Furthermore, g{\/jf''si,Si) — for i,j G {I72}. By the lemma, we have ^(V^'^si, S2) — 
^9{^x~^ ^2, si) = div{Xs), whence the equivalence. 

(v) ^ (iii): Since div{e^ X) = {X{f) + div{Xj), the A" -vector field e-^X will be divergence-free 
if and only if X{f) = -div{X) holds. By QUI we have = XXs with A 7^ 0. Apphcation of lOl 
yields Xs(ln|A|) = -div{X,). 

(ii) (v): Let s : A/^+^ ^ Qo be a global section in the trivial bundle. Then ipg ~ ui defines a 
positive harmonic spinor without zeros. B 

4.41 Corollary 1. On a X -conformally flat surface, we have J^J. > 1. 

4.42 Corollary 2. (M^+^, g) is conformally flat if and only if (M^+^, g) is X~ and y -conformally 
flat. 

Proof. For a flat metric, every constant defines a harmonic resp. twistor spinor with respect to the 
trivial Spin structure. The implication follows then from 13.41 We yield the converse from 14.321 ■ 

Next, we will prove some further properties of A'-conformally flat surfaces: 
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4.43 Definition. A Lorentzian surface (M^+^,g) is said to be X~ resp. 3^ -complete, if every X- 
resp. y-geodesic is complete. A Lorentzian surface that is X- resp. y-complete is said to be semi-null 
complete. 

4.44 Proposition. A compact X-conformally flat surface is X-complete. 

Proof. By 14.^^81 (v). we have \7jf^ — 0, so that the Xs-geodesics are given by the flow oi Xg. ■ 

4.45 Examples. 

(i) The interdependence of semi-confornial flatness, positive harmonic spinors without zeros and semi- 
completeness is demonstrated bv 14.111 Since the harmonic half-spinors we found have no zeros, the 
surface must be semi-complete. But we showed that this metric is in Q21 so it is not conformally flat. 
Hence, from 14 . 421 follows that (T^+^, is complete for one type of isotropic geodesies, and that there 
must be incomplete geodesies for the other type, in accordance with proposition 

(ii) Consider the following example taken from |R,oSa93| : Let r : [0, 1] ^ M be a smooth function with 
T(a) = 0, but T'(a) 7^ 0, and whose support is strictly contained in [0, 1]. Extend r periodicly on the 
whole real line and define gj^^ = 2dxdy—T{x)dy^ . Then g'^ E Q', hence g'^ is lightlike incomplete. For 
instance, j{t) — (a, T'(a) ln(t + -pj^)) is a closed incomplete geodesic which without loss of generality 
we assume to be X. Thus any positive harmonic spinor must be zero on 7 . But as = for 
e sufficiently small, {T^^^,g) contains an ^Y-trivial resonant cylinder, and therefore (5+ = +00. This 
example shows that there exists not conformally flat tori with A'-trivial resonant cylinder which are 
not A'-conformally flat. 

4.46 Proposition. On a X -conformally Eat surface, we have Sj+ = T_. 

Proof. The maps $ : Sj+ T_, ip i— > ^Yg ■ ip and : T_ ip 1-^ ^Xg ■ (f are bundle 

isomorphisms inverse of one another. ■ 

4.47 Proposition. Every s.c.f surface is a fj,-surface. 

Proof. Let s — (si, S2) : Af — > P be a (global) orthonormal frame with div{Xs) — 0. We deflne 

li^{x) {Ys ■^p,ip). 

Let s be a local lift of s to Qsi- For this section, let Lp = [s^ps]- Then fJ.ip{x) — (Yg • ip,ip){x) — 
—2\ips{x)\'^ , where | • | denotes the absolute value function on C. Thus (i) and (ii) of deflnition 14.141 
hold. 



25 



Since cp is a positive harmonic spinor, wc have (p — 0. Consequently, we get Xs{piip) = 
{Vx'^Ys ■(p,ip). Since V^^F^ = + '^i?«2 = bv ll3Sl (iv), the assertion follows. ■ 

The classification of the possible dimensions of 6+ in 14.271 mav be restated as follows: 

4.48 Theorem. Let {M^^^,g) be a compact X -conformally Hat Lorentzian surface. Then 6+ = t_ 
and the only possible dimensions for are 0, 1 and +oo. These cases are characterized as follows: 

(i) 6+ < 1 if and only if either 

• there exists a dense X—line in which case we have S+ = for the non-trivial Spin structures, 
or 

• M^~^^ is non-resonant or 

• there exists no X -trivial resonant cylinder on A/^+^. 
Furthermore, S*^ — 1. 

(a) (5+ = +00 if and only if there exists an X -trivial resonant cylinder on Af^+^. In this case we 
have (5+ = +00 for every Spin structure. 

Next we will show that in some sense A"— conformal flatness is forced by positive harmonic spinors 
which have non-zero " mass" : 

4.49 Definition. Let {M^~^^,g) be a Lorentzian surface and (P, tt, Af ^+^; G) a principal fiber bundle 
over Af^+^. A (local) section s : U ^ P is said to be X- resp. 3^ -parallel if for every X - resp. y -curve 
a : [a,b] U, we have V^-a-^b^i'^i'^)) — ^(.'^i^))> where denotes the parallel transport in P along 
a. 

4.50 Lemma. Let s — (si, S2) : U ^ P be a local section of the orthonormal frame bundle P. Then 
s is X-parallel if and only if div{Xs) — 0. Furthermore, if s can be lifted to a section s : U ^ Q of Q, 
then s is X-parallel if and only if div{Xs) — 0. 

Proof. Let a be the flow generated by Xs in U , and let V^'-^ be the usual parallel transport in 
TAz/i+i along a induced by . We have V^^Sj(a;) = i^a:?-^oSj (a(0)u=o = ^[^("(O)), e^] = 0, 
hence div{Xs) = bv lOSl M. 

For the converse, let Z denote the Levi-Civita-connection in P. Since div{Xs) — —^giV^si, S2) = 
0, we get s*Z{X) = Z{ds{X)) = for every A'-vector field X (cf. 11^ . Hence s*Z{a'{t)) = for 
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every A^-curve a : [a, 6] Af^+^, that is Q;*(.^(.^-)^ = lift of a starting in s(a(a)) = s o a. It follows that 

^r^ = «:(a(a)) = ^(«(^))- 

Since f oV'^ ^ o f and s*Z{Xs) = -^^(X^)^) = for the lifts of s and Z to Q, we deduce the 
same result for the Spin bundle Q. M 

The notion of A" -triviality can then be reformulated as follows: 

4.51 Corollary. Let I be a closed X-line. Then Q is X-tiivial along I if and only if I can be 
parametrized such that div{l') = 0. In particular, such a parametrization makes I into a geodesic. 
Proof. Choose an orthonormal frame s such that I' = si + S2 and repeat the reasoning of l4.50l ■ 

4.52 Remark. As in the case of conformal flatness the condition div{X) = can always be locally 
realized: Indeed, if /3 : (a, 6) — > J7 is a 3^-curve, pick a section s : \f3\ P and extend this section on 
U by parallel transport of s(/3(i)) in the A'-direction. Hence s : U P is A-parallel by construction 
and well defined if U is conveniently chosen, i.e. (3 intersects every (Y-line in U only once and there 
are no closed A'-lines (e.g. if U is simply connected). Then div{Xs) = bv l4.5UI 

4.5 Conclusion 

Like for compact Riemannian surfaces, (5+ depends both on the conformal class of the metric and on the 
Spin structure. (5-(- may be unbounded, in contrast to what is known for the Riemannian case, where 
the dimension is bounded by [^^] {g denoting the genus of the surface) - see |Hi74| . Furthermore, 
for Lorentzian surfaces we have a certain symmetry between harmonic and twistor spinors. 

In the case of /i-surfaces, the conformal invariants 6 and r reflect the global behaviour of the null 
lines. In some regular cases, where the global and local behaviour is quite similar (e.g. for simply 
connected surfaces or resonant tori), S and r are +oo. If a "pathological" behaviour such as dense 
null lines occurs, then 6 and r are less than or equal 2, and we have a kind of "dynamic" dependence 
on the conformal class. No intermediate values are attained. Although S and t are weaker conformal 
invariants than the null lines, in some cases they allow us to distinguish between conformal classes. 
Furthermore, solutions with "mass", that is solutions without zeros, force conformal flatness. All 
techniques used - above all the characterization of harmonic and twistor half spinors as a kind of 
parallel spinors along the lightlike distributions ~ are genuine for the signature (1,1). On the other 
hand the case of a pseudo- Riemannian signature {p, q) with p + q > 3 is signiflcantly different. For 
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instance, the dimension of the space of twistor spinors on a connected pseudo-Riemannian manifold 
is bounded by 2\-'^\+^ (see |Ea99) and IbF^lKQll ) 

It is not clear altogether to what extent these techniques can be applied to a general Lorentzian 
surface or which are the geometric obstructions for doing so. The next obvious step would be to 
investigate the class of asymptotic cylinders. One could try to find counterexamples of the "heritage 
principle", that is, harmonic or twistor spinors which are zero on the closed null lines, but have no 
zeros on the asymptotic cylinder itself, or metrics for which 5± or t± may attain values other than 
0, 1 or +00. 
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